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Using elementary techniques we prove that the solution, which is periodic in 
both x and y, to the two-dimensional generalized KdV equation is unique. A 
theorem of continuous dependence of the solutions on the initial data is established. 
Some estimates of the solutions are also included. 1” 1991 Academtc PKSS, 1~. 
1. INTRODUCTION 
For the one-dimensional nonlinear generalized KdV equation, Guo [ 1 ] 
established a uniqueness theorem for periodic solutions. But there are major 
errors in his paper which invalidate the proof. Schwartz [3] proved a 
uniqueness theorem for solutions, periodic in x and y, to the two-dimensional 
KdV equation. 
In this paper, we prove that the solution, which is periodic in both x and 
y, to the two-dimensional generalized KdV equation with f(u) = Au’, 
where A >O and r is either a positive integer or r > 3. A theorem of 
continuous dependence of the solutions on the initial data is also 
established. Some estimates of the solutions are provided. Our results are 
more general than Guo’s and Schwartz’s. Schwartz considered only the 
case -f(u) = u2/2, while Guo’s results were only for If(u)1 < Au2 + B and 
were one-dimensional. 
We essentially follow the techniques used by Guo. While avoiding his 
errors we have been able to establish more general results by overcoming 
the same difficulties. The method turns out to be rather elementary. 
We consider the periodic solutions to the initial-value problem (referred 
to as problem (I) henceforth) 
u, + U-(u)1 x= ew + B j‘ ~,,,.(st Y, t) ds (1) 
0 
4,=0= dX> Yh (2) 
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where LI(S + P, y, t) = U(X, J’ + P, t) = u(.Y, ~3, t) for all real s, ~3 and for 
t 3 0, constant a < 0, constant /I > 0. 




u(x, y, t ) d.Y = 0, for any J’, t 3 0. 
0 
It should be noted that we shall present an existence theorem for 
Problem (I) in the Sobolev space W: in a forthcoming paper. 
2. THE UNIQUENESS THEOREM 
LEMMA 2.1. Let w=u-~1, f(u) E C2(R); then 
Proof Let (T/P)u + (1 - t/P)u = s; then the right-hand side of Eq. (4) 
gives 
=.f’(u)M,,+.f’(U)U,--S’(U)U. 
=.f’(u)u, -f’(ub,. Q.E.D. 
LEMMA 2.2. Let F(x, y, t) = D ‘u = s; u(s, y, t) ds, then F is periodic in 
x and y, with period P, and 
MF,,-~ dx dy = 0. 
ProoJ: Using Eq. (3) and the periodicity of u we can establish that F is 
periodic in x and y with period P. The last assertion can be obtained by 
integration by parts in y and then in x: 
P P 
ij 
1 P P 
0 0 
uFXJ dy dx = - z 
jj 0 0 
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THEOREM 2.1. Ifs(u) E C2(R), then the solution u(x, y, t) to problem (I) 
is unique. 
ProoJ: Suppose there are two solutions u and u satisfying problem (I). 
Let w = u - u; then w satisfies 
w(x + P, y, t) = w(x, y + P, t) = w(x, y, t) for all real x, y, 
and t > 0. By use of Lemma 2.1, w satisfies the equation 
= ~YY.X.K + p j; wyy ds. 
We multiply Eq. (5) by w, and get 
(5) 
Integrating the above equation over the region 
,!I= {(x, y, t): O<t<T, Odx<P, OdydP} 
for any fixed T> 0, and applying Lemma 2.2, we have 




(In the next section, we shall show that m is independent of 11. See 
Lemmas 3.7 and 3.8.) 
We then use Gronwall’s inequality to establish 
E(T) = j)p jop; w2(x, J’, T) d.Y c+ < E(0)e2’F’T. 
Since E(0) = 0 and T is arbitrary as well as finite, we conclude that E(t) = 0 
for any t 3 0. 
Thus we must have w ~0 since M’ is a continuous function and w* 30. 
Therefore u = u. Q.E.D. 
THEOREM 2.2. Suppose the conditions of Theorem 2.1 are satisfied and 
that the initial data g(x, y) E L,. Then the solutions of problem (I) depend 
continuously on the initial data in L, norm. 
ProoJ We use the result of Theorem 2.1. For given positive E, T, let 
6 * = slexp(2mT); then 
IId.? t)-u(., t,lli, 
P P 
= IS [4x, Y, t) - 4x, Y, N* dx 4 0 0 
< E(0)e2’“T= 
sj 
op op [u(x, y,O)-v(x,y,O)]*dxdy.ezmT 
<6* .e2mT=E, whenever IIu(x, y, 0) - U(X, y, 0)/l Lz < 6. Q.E.D. 
3. SOME USEFUL ESTIMATES 
LEMMA 3.1. Let g(x, y) E L,, f(u) E C’(R), then the solution u(x, y, t) oj 
Problem (I) satisfies 
E(T) = jop j,: f u*(x, y, T) dx dy 
= s,r lop; u*(x, y, 0) dx dy = j’ j:’ ; g*(x, y) dx dy 
0 
=E(O)=E,. (6) 
Proof: Multiplying Eq. (1) by u(x, y, t) and letting G(u) =J;If’(s)s ds 
we get 
(7) 
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We integrate Eq. (7) over the region 
D=((x,y,t):O~x~P,Ody~PP,O~t~T}. 
Since 
P .r( 1 uu,, - - u2 0 2 1 -%z x dx=O, 
J* 
p [Q(u)], dx = @(u(f’, y, t)) - @,(@A Y, t)) = 0, 
0 
and by Lemma 2.2, 
lop sp flu s -’ u, ds dx dy = 0, 0 0 
we get Eq. (6) by integrating Eq. (7) over D. QED. 
We note that the above result states that the kinetic energy is preserved. 
Another important conservation law will be given in Lemma 3.3. 
Before we proceed further, we want to introduce some definitions: 
llullm =sup 14% y, t)l, 
‘, I‘ 
(f, g) = jop jopfb> Y) g(x> Y) dx 4, 
Ilull 2 = Ilull: = jop jop u2b, Y, t) dx 4s 
/I4 LzxL,= SUP II4t)ll LZ’ 
O<l<T 
u2(x, y, t) dx dy dt. 
Hypothesis A. f(u) = Au’ for constant A > 0 and either r E Z+ or r 7 3. 
First, we quote the Sobolev Inequalities [Z]: 
LEMMA 3.2 (Sobolev Inequalities). For any E > 0 and positive integer n, 
there exists a constant C which depends on E and n, such that 
a% 
Ii II aXkm 
k < n. 
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LEMMA 3.3. Suppose u is u solution to Problem (I), g,, E L2, and f’(u 1 
satisfies Hypothesis A. Then we haue the identitls 
Proof We write Eq. (1) in the form 
(8) 
and multiply it by 
to obtain 
b,(S, Y, t) ds ds -f(u) + cr, 
’ Py,JS, Y, t) dS ds -f(u) + er, 
(9) 
We integrate Eq. (9) over the region 
Do=((x, y):Odx<P,O<y4’6P}; 
then the right-hand side of Eq. (9) becomes 
From Eq. (1) and condition (3), the integral (over Do) of the right-hand 
side of Eq. (9) is zero. 
Now we look at the left-hand side of Eq. (9). After integration over D,, 
the second term is 
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and the third term is 
P P 
SI 0 0 ..,~,,dxdY=o[joprr,ii,l:~~dY- jop jopul.luidxdY] 
= -; jop I,‘(;u:)dxdy. 
Finally, we have to deal with the first term. Using integration by parts with 
respect o x, we obtain 
~JopJopur{~~~~ u,,(S, y, t) dS ds I 
dx dy 
= B jop [ jf u, ds j; j; u,(S, Y, t) ds ds]-: dv 
By Eq. (3), the first part of the right-hand side of Eq. (10) is zero. For the 
second part of the right-hand side of Eq. (lo), we apply integration by 
parts with respect o y to get 
where we have made use of the periodicity property of u, and uY. Thus the 
integration of Eq. (9) gives 
dw@ 
dt 
Therefore Z(t) is independent of t, it follows that 
Z(t) = constant = Z(0). Q.E.D. 
LEMMA 3.4. Assume that the conditions in Lemma 3.3 are satisfied, and 
II&XII < (l/w”‘-“9 where K, is a constant which will be specified in the 
proof, and without loss of generality, we assume r > 3. (For r = 1, it is the 
linear case, for r = 2, it was discussed by Schwartz [3].) Then any periodic 
solution u(x, y, t) of Problem (I) has the estimate 
Ib.x,l12 G Q2t 
where the constant Q depends on A, T, P, r, and 11 g,, (I. 
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J’roqf: Differentiating Eq. (1) twice with respect to .Y and multiplying 
the result by 2u,,, we obtain 
2u,.u,,,=2u,,(ctu,,,..+Bu,,,-,f””u-:--?f”’u,z4,,-,f”u,,,). (11) 
Integrating Eq. (11) over Do, then using integration by parts and the 
periodicity of u, we can get 
and 
Furthermore, 
Combining the above results, we have the following relation: 
d 
zo 0 IS 
’ ‘(uJ2dxdy 
= -5 jop jop,fthyu~~~ dx dy - 2 jop jop/-u”u~~~Y dx dy 
d5Ar(r- l)llull:, 2 I/~,ll, 11~,,112 
+2Ar(r- 1)(r-22)l14L~3 ll~,llZ, //~,I/ Ilu,,/l. (12) 
Choosing s = 1, E = $ respectively in Sobolev inequalities, there are corre- 
sponding constants c, and c2 such that 
II4 7. d Ilull + Cl //~Y,II 
Ilull d i Ilull + c2 IId. 
Thus 
Similarly 
Il4lmd(CI +2c2)llu,,II =A,llu,,ll. 
and 
II 4 II 6 c3 II GY II 
Ilurll, GA2 Ilu,,// 
for some constants A2 and cj 
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Let ((u,, I( ’ = X; Eq. (12) becomes 
dX 
dt < K, x” + ’ )‘2, 
where K, is a positive constant depending on r, A, A,, AZ, and c3. 
Solving the above inequality, we obtain 
[x~(r~‘)/‘(T)-X-“-‘“2(0)] > -(r-;)K1 T= -K,. 
By the condition on II g ~); 11, 
Therefore 
X~“~“‘2(T)~IIg,,ll~“~1”2-K2=K3>0. 
2/(r ~ I ) 
= Q’. Q.E.D. 
LEMMA 3.5. Assume the conditions in Lemma 3.4 are satisfied; then any 
periodic solution u of Problem (I) has the upper bound 
IIu~I12 6 K:, 
where the constant K4 depends on the same conditions as in Lemma 3.4. 
Proof. By the second Sobolev inequality, we choose E = 1; then there is 
a constant c such that 
llUrI/ < I/d + c IIu,,I/ d (2-4,)1’2 + cQ = K;. Q.E.D. 
LEMMA 3.6. If the conditions in Lemma 3.4 are satisfied, then 
IlD-‘u,lI <K, 
and 
IW’4 G Kc, 
where K, and K6 are some constants which are independent of u. 
Proof By Lemma 3.3, Lemma 3.5, and Sobolev inequalities, we have 
the first inequality. 
For the second inequality, we apply Lemma 3.2 with respect to y. 
Choosing E= i, k=O, there is a constant c to satisfy 
llD-‘ull <$lID-‘ull +cIID-‘u,.I~. 
Thus the first inequality in this Lemma gives us the desired result. Q.E.D. 
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LEMMA 3.7. [f’ the conditions in Lemmcr 3.4 ure satisfied, then 
SUP Ilu(t) d cot 
O<lS7 
where Q, is n constant which is independent of’u 
Proof In Lemma 3.,, 3 let k = 0, n = 1, and E = 1; then there is a c such 
that 
Ilu(t x 6 Il4t)ll + c lI~.r(t)ll. 
Hence by Lemmas 3.1 and 3.5, 
Q.E.D. 
LEMMA 3.8. Under the conditions of Lemmu 3.4, and tf g,,, gyy E L,, 
then 
where the constant Q, is independent of u. 
Proof By Lemma 3.2, for E = 1, 
II U.Y IICc 1 < /lull + c J/U,, )/ for some constant c. 
Then by Lemma 3.4, let Q, = J2E, + cQ. Q.E.D. 
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